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ABSTRACT 

The present paper deals with the Stochastic Behaviour of a two unit warm standby system with 
preparation time for replacement, in which after each warm standby unit, the repaired unit is sent for 
“final trial” with preparation time before sending it for operation. Using regenerative point technique 
with Markov renewal process, the some of the reliability. 
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INTRODUCTION  
Several  authors including [………………………] working in the field of reli abi lity 
have analysed vari ous engineering systems by assuming different sets of 
assumptions. Most  of  them assumed that  after the fai lure of an operative 
unit ,  i ts  repai r starts immediately  and  it  continues  t i ll  i ts  completion 
without considering the t ime fact or.  
But  in the real practical situation it  is  quite reas onable to fix some upper  
limit  of  t ime for completing the repair . If  t he repairman is  able t o rep air the 
failed unit  within this t ime peri od then it  is  OK. Ot herwise the preparation  
for rep lacement starts immediately . Once the preparation process is  
completed the fai led unit  is  sent  for replacement by the new on e.  
Keeping the above vi ew, we in the pres ent chapter  an alys ed a  two unit  warm 
standby system with preparation t ime for  replacement. Using regen erative 
point  technique with Markov renewal process, the fo llowing reliabi lity  
charact eristics of  interest  are obtained.  
1.  Transit ion and steady stat e transit ion probabilit ies  
2.  Mean Sojourn t imes in various states  
3.  Mean time to system failure (MTSF)  
4.  Point  wise and Steady stat e avai labi lity of  the system  
5.  Expect ed Busy p eriod of  the repai rman in ( 0,t]  
6.  Expect ed number of visits  by the repairman in (0,t]  
 
MODEL DESCRIPTION AND ASSUMPTIONS 
1.  The system consists of  two non -identical  units in which first  unit  i s  

treated as  priority and another as ordinary .  
2.  Init ially f irst  unit  is  considered to be operative and the second  as warm 

standby. 
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3.  First  unit  gets priority fore both operation and repair .  
4.  After failure the unit  is  sent for repair immediately provided the rep air  

facility is  available but  in case of f irst  (priority)  unit  an amount of t ime  
has been fixed for repair facility known as “al lowed t ime” . If  the repai r  
facility  is  able to  complet e the repair of  the failed unit  within this  
al lowed t ime then it  is  O.K. otherwise preparation for replacement  
starts. The repair faci lity takes a random amount of t ime in preparation  
to start  replacement.  

5.  In replacement the fai led unit  is  to be rep laced by the new one.  
6.  The failure t ime distributions of bot h the units and preparation t ime t o 

start  replacement are expon ential with different par ameters while the 
repair and replacement t ime distributions are g eneral .  
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Fig. 1: The transitions between the various states are shown in Fig 
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NOTATION AND SYMBOLS 
NO  :  Normal unit  kept  as operative  
NW S  :  Normal unit  kept  as warm standby  
F r  :  Failed unit  under repair  
F R  :  Repair of  the fai led unit  is  continued from earli er  stat e  
F w r  :  Failed unit  is  waiting for repair  
F p  :  Failed unit  under preparation to start  replacement  
F P  :  Prep aration is  continued form the ear lier  state  
F r e p  :  Failed unit  under replacement  
F R E P  :  Replacement of  the fai led unit  is  continued from earlierstat e  
1  :  Constant fai lure rate of  priority unit   
2  :  Constant fai lure rate of  ordinary unit   
  :  Constant fai lure rate of  warm standby uni t  
  :  Constant rate  of  comp leting preparation  
f( .) ,  F( .)  :  pdf and cdf of  t ime to complete repair of  fai led priority  unit   
g( .) ,  G( .)  :   pdf and cdf of  t ime t o complete repair of  fai led ordinary unit   
h( .) ,  H( .)  :   pdf and cdf of  t ime to complet e rep lacement of t he failed unit  

        by the new on e 
m1  :   Mean t ime for completing repair   
m2  :   Mean t ime for completing replacement  

Using the above notation and symbols the possible states of  the 
system are  
Up States  
S 0    (NO ,  N W S)   S 1    (F r ,  NO)   S 2    (NO ,  F r)  
S 3    (F p ,  NO)   S 4    (F r e p ,  NO)    
Down States 
S 5    (F R E P ,  F w r)   S 6    (F r ,  F w r)   S 7    (F p ,  F r)  
S 8    (F r e p ,  F w r)   S 9    (F R ,  F w r)   
 
TRANSITION PROBABILITIES 
Let T0  (=0) , T1 ,T2 , . . . .  be the epochs at  whi ch the system enters the states S i  
  E . Let  Xn  denot es the stat e entered at  epoch T n + 1   i .e.  just  after the 
transit ion of T n .  Then {Tn ,Xn} constitutes a Markov-renewal process with 
state space E and  

Q i k(t)  = Pr[Xn + 1  = S k ,  T n + 1  -  Tn    t  |  X n  =  S i]                     ……..… .(1)  
is  semi Markov -Kern al over E . The stochastic matrix of  the embedded  
Markov chain is  

P = p i k  =  lim Q i k  (t)  = Q()                 ……..… .(2)   
        t   
By simple probabi list ic consideration, the non -zero elements of  Q i k(t)  are:  

Q0 1(t)  = 0  t  1e - (1 +2 ) u  du   = 
21

1




[1 -  e - (1 +2 ) t ]  

Q0 2(t)  = 0  t  2e - (1 +2 ) u  du   = 
21

2




[1 -  e - (1 +2 ) t ]  

Q1 0(t)  = 0  t  e - ( +2 ) u  f(u)  du    Q1 3(t)  = 0  t  e - ( +2 ) u  F (u) du   
Q1 9(t)  = 0  t  2e - ( +2 ) u  F (u) du   
Q ( 9 ) 1 2(t)  = 0  t  e - u  f(u)  du - 0  t  e - ( +2 ) u  F (u) du  

Q ( 9 ) 1 7(t)  = 0  t  e - u  du F (u) 
t

u (u)F
dF(x)

 -  0  t  e - ( +2 ) u  du F (u) 
t

u (u)F
dF(x)
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Q2 0(t)  = 0  t  e -1 u  g(u) du    Q2 6(t)  = 0  t  1e -1 u  G (u) du   

Q3 4(t)  = 0  t  e - ( +2 ) u  du  = 
2


[1 - e - (  +2 ) t ]  

Q3 7(t)  = 0  t  2e - (  +2 ) u  du  =  
2

2




[1 - e - (  +2 ) t ]  

Q4 0(t)  = 0  t  e -2 u  h(u) du    Q4 5(t)  = 0  t  2e -2 u  H (u) du  

Q ( 5 ) 4 2(t)  = 0  t  2 e -2 u  du H (u) 
t

u (u)H
dH(x)

  Q6 2(t)  = 0  t  e - u  f(u)  du     

Q6 7(t)  = 0  t  e - u  F (u) du    Q7 3(t)  = 0  t  e - u  g(u) du     
Q7 8(t)  = 0  t  e - u  G (u) du    Q8 2(t)  = 0  t  h(u) du   
                    
….….….(3-21)  
Taking limit  as  t     ,  the steady state  transit ion p i j  can be obtained from  
(3-21) .  Thus  
 p i k  = lim Q i k(t)                  …….….(22)  
         t  

 p 0 1  = 
21

1




   p 0 2  = 
21

2




 

 p 1 0  = f*(+2)      p 1 3  = 
2


[1 - f*(+2)]  

p 1 9  = 
2

2




[1 - f*(+2)]  p ( 9 ) 1 2  = f*()  – f*(+2)  

p ( 9 ) 1 7  = 1 -  f*()  -  
2


[1 -  f*(+2)]  p 2 0  = g*(1)   

p 2 6  = 1 - g*(1)    p 3 4  = 
2


 

p 3 7  = 
2

2




    p 4 0  = h*(2)   

p 4 5  = 1 - h*(2)  =  p ( 5 ) 4 2   p 6 2  = f*()    
p 6 7  = 1 - f*()   p 7 3  = g*()   
p 7 8  = 1 - g*()    p 8 2  = 1                 ……..….( 23-40) 
From the above probabi lit ies the fol lowi ng relation can be easily  

verifies as;  
p 0 1  + p 0 2  =  1  p 1 0  + p 1 3  +  p 1 9  = 1 = p 1 0  +  p 1 3  + p ( 9 ) 1 2  + p ( 9 ) 1 7    

p 3 4  + p 3 7  = 1  p 4 0  + p 4 5  = 1 = p 4 0  +  p ( 5 ) 4 2  

p 6 2  + p 6 7  =  1  p 7 3  + p 7 8  = 1 
p 8 2  = 1            ……. ..…(41-47)  

Mean Sojourn times 
The mean t ime taken by the system in a particular state S i  before 

transit ing to any other state is  known as mean sojourn t ime and is  defined  
as 

  i  = 0 


 P[T>t]  dt                                      …. . . . . .(48)  
Where T is  the t ime of stay in state S i  by t he system.  
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To calculat e mean sojourn t ime  I  in  stat e S i ,  w e assume t hat  so long as  
the system is in state S i ,  i t  wil l not  transit  to any other state . Therefore;  

0  = 
21

1


  1  = 
2

1


[1 -  f*(+2)]  

2  = 
1

1


[1 -  g*(1)]  3  = 
2

1


 

4  = 
2

1


[1 -  h*(2)]  6  = 

1

[1 -  f*()]   

7  = 

1

[1 -  g*()]   8  = 0 


 H (t)  dt  = 5  

9  = 0 


 F (t)  dt                       ……..….( 49-57) 
 
CONTRIBUTION TO MEAN SOJOURN TIME  
For the contribution to mean s ojourn t ime in state S iE and non-
regenerative st ate occurs,  before transit ing to S jE, i .e . ,  
m i j  =  0 


t .q i j (t)  dt  = -q ’* i j (0)                 ……….. .…..… .(58)  

Therefore,  

m0 1  = 0 


 t .1e - (1 +2 ) t  dt  = 
 221

1




 

m0 2  = 0 


 t .2e - (1 +2 ) t  dt  = 
 221

2




 

m1 0  = 0 


 t .e - ( +2 ) t  f(t)  dt    

m1 3  = 0 


 t .e - ( +2 ) t  F (t)  dt    

m1 9  = 0 


 t .2e - ( +2 ) t  F (t)  dt    

m ( 9 ) 1 2  = 0 


 t .e - t  f(t)  dt  -  0 


 t .e - ( +2 ) t  F (t)  dt   

m ( 9 ) 1 7  = 0 


 t .e - t  dt  F (t)  
t

u (u)F
dF(x)

 -  0 


 t .e - ( +2 ) t  dt F (t) 
t

u (u)F
dF(x)

  

m2 0  = 0 


 t .e -1 t  g(t)  dt     m2 6  = 0 


 t .1e -1 t  G (t)  dt    

m3 4  = 0 


 t .e - (  +2 ) t  dt   = 
 22


 

m3 7  = 0 


 t .2e - ( +2 ) t  dt   = 
 22

2




[1 - e - (  +2 )�]  

m4 0  = 0 
  t .e -2 t  h(t)  dt     m4 5  = 0 


 t .2e -2 t  H (t)  dt   

m ( 5 ) 4 2  = 0 


 t .2e -2 t  dt H (t) 
t

u (u)H
dH(x)

  

m6 2  = 0 


 t .e - t  f(t)  dt     m6 7  = 0 


 t .e - t  F (t)  dt    
m7 3  = 0 


 t .e -  t  g(t)  dt     m7 8  = 0 


 t .e -  t  G (t)  dt    

m8 2  = 0 


 t .h(t)  dt                         ……..……..… .(59-77) 
By the above expressions,  it  can be easi ly verified that   
m0 1  + m 0 2  = 0   m1 0  + m1 3  + m1 9  = 1  
m1 0  + m1 3  + m ( 9 ) 1 2  + m ( 9 ) 1 7  = 0 


 t .f(t)  dt  = m 1  
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m2 0  + m 2 6  = 2   m3 4  + m3 7  = 3  

m4 0  + m4 5  = 4   m4 0  + m ( 5 ) 4 2  = 0 


 t .h(t)  dt  = m2  
m6 2  + m6 7  = 6   m7 3  + m7 8  = 7              ………..….(78-86)  
 
MEAN TIME TO SYSTEM FAILURE (MTSF) 
To obtain the distribution function  i(t)  of  the t ime to system failure with 
starting state S 0 .  
0(t)  = Q0 1(t)$1(t)  + Q0 2(t)$2(t)  
1(t)  = Q1 0(t)$0(t)  + Q1 3(t)$3(t)  + Q ( 9 ) 1 2(t)$2(t)  + Q ( 9 ) 1 7(t)   
2(t)  = Q2 0(t)$0(t)  + Q2 6(t)  
3(t)  = Q3 4(t)$4(t)  + Q3 7(t)  
4(t)  = Q4 0(t)$0(t)  + Q4 8(t)$8(t)                   ……..….( 87-91) 
Taking Laplace Stielt jes transform of relati ons (87-91), we g et  


~

0(s)  = Q
~

0 1(s) .
~

1(s)  + Q
~

0 2(s) . 
~

2(s)   


~

1(s)  = Q
~

1 0(s) .
~

0(s)  + Q
~

1 3(s) . 
~

3(s)  + Q
~

( 9 ) 1 2(s) .
~

2(s)  + Q
~

( 9 ) 1 7(s)   


~

2(s)  = Q
~

2 0(s) .
~

0(s)  + Q
~

2 6(s)  


~

3(s)  = Q
~

3 4(s) .
~

4(s)  + Q
~

3 7(s)  


~

4(s)  = Q
~

4 0(s) .
~

0(s)  + Q
~

4 2(s) . 
~

2(s)          …….….(92-96) 

and solving the above equations (92 -96) for 
~

0(s)  by omitting the 

argument ‘s ’  for brevity , we g et  

 
~

0(s)  = N1(s)/ D1(s)                …….. . . . .(97)  

where  

N1(s)  = Q
~

0 1 Q
~

1 7  + Q
~

0 1 Q
~

1 3 Q
~

3 7  + Q
~

0 1 Q
~

( 9 ) 1 2 Q
~

2 6   + Q
~

0 1 Q
~

1 3 Q
~

3 4 Q
~

( 5 ) 4 2 Q
~

2 6  

+ Q
~

0 2 Q
~

2 6                  ……... . .(98)  

and  

D1(s)  = 1 – Q
~

0 1 Q
~

1 0  -  Q
~

0 1 Q
~

1 3 Q
~

3 4 Q
~

( 5 ) 4 2 Q
~

2 0  -  Q
~

0 1 Q
~

( 9 ) 1 2 Q
~

2 0  -  Q
~

0 2 Q
~

2 0   -

Q
~

0 1 Q
~

1 3 Q
~

3 4 Q
~

4 0                 …….….(99)  
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By taking the li mit  s0 in equation ( 97),  one gets 
~

0(0) = 1 , whi ch 

implies that  
~

0(t)  is  a proper distribution function. Therefore,  mean t ime 

to system failure when the init ial  state is  S 0 ,  is  
        d       D’ 1(0) - N’1( 0)  
E(T) = -     0(s)| s = 0  =      = N1/ D1        ……..….(100)  
       ds          D1( 0)                  
where  
N1  =  0  + m 1p 0 1  + m 2p 0 1p 1 3p 3 4  + p 0 1p 1 33  + 2(p 0 2  + p 0 1p ( 9 ) 1 2  + p 0 1p 1 3p 3 4)  
                                                                                                        …….….(101) 
and  
D1  = 1  – p 0 1p 1 0  – p 0 1p 1 3p 3 4p ( 5 ) 4 2  –  p 0 1p ( 9 ) 1 2p 2 0  –  p 0 2p 2 0  –  p 0 1p 1 3p 3 4p 4 0                 
                                        ……….. .(102)  
 
AVAILABILITY ANALYSIS   
System avai labi lity is  defined as  
A i(t)  = Pr[Starting from state S i  the system is available  at  epoch t  without  
passing through any regenerative state]  an d  
M i(t)  = Pr[Starting from up st ate S i  the system remains up t i l l  epoch 
t  without passing throug h any reg enerative up state]  
Thus ,  
M 0(t)  = e - (1 +2 ) t     M 1(t)  = e - ( +2 ) t  F (t) 

M 2(t)  = e -1 t  d. G (t)  M 3(t)  = e - ( +2 ) t   

M 4(t)  = e -2 t  H (t)                                    ……. .….(103-107)  
Now, obtaining A i(t)  by using elementary  probability argument;  
A 0(t)  = M 0(t)  + q0 1(t)A 1(t)  + q0 2(t)A 2(t)  
A 1(t)  = M 1(t)  + q1 0(t)A 0(t)  + q ( 9 ) 1 2(t)A 2(t)  + q1 3(t)A 3(t)   

  + q ( 9 ) 1 7(t)A 7(t)   
A 2(t)  = M 2(t)  + q2 0(t)A 0(t)  + q2 6(t)A 6(t)   
A 3(t)  = M 3(t)  + q3 4(t)A 4(t)  + q3 7(t)A 7(t)   
A 4(t)  = M 4(t)  + q4 0(t)A 0(t)  + q ( 5 ) 4 2(t)A 2(t)   
A 6(t)  = q6 2(t)A 2(t)  + q2 7(t)A 7(t)    A 7(t)  = q7 3(t)A 3(t)  + q7 8(t)A 8(t)   
A 8(t)  = q8 2(t)A 2(t)                 ………….(108-115)  
Taking Laplace transform of above equation (108 -115) , we g et ,  
A* 0(s)  = M* 0(s)  + q* 0 1(s) .A* 1(s)  + q* 0 2(s) .A* 2(s) 
A* 1(s)  = M* 1(s)  + q* 1 0(s) .A* 0(s)  + q* ( 9 ) 1 2(s) .A* 2(s)  + q* 1 3(s) .A* 3(s)   

  + q* ( 9 ) 1 7(s) .A* 7(s)   
A* 2(s)  = M* 2(s)  + q* 2 0(s) .A* 0(s)  + q* 2 6(s) .A* 6(s)   
A* 3(s)  = M* 3(s)  + q* 3 4(s) .A* 4(s)  + q* 3 7(s) .A* 7(s)   
A* 4(s)  = M* 4(s)  + q* 4 0(s) .A* 0(s)  + q* ( 5 ) 4 2(s) .A* 2(s)   
A* 6(s)  = q* 6 2(s) .A* 2(s)  + q* 2 7(s) .A* 7(s)    
A* 7(s)  = q* 7 3(s) .A* 3(s)  + q* 7 8(s) .A* 8(s)   
A* 8(s)  = q* 8 2(s) .A* 2(s)         ……..….(116-123)  
Now, s olving the equations (116-123) for pointwise availabi lity A* 0(s) , by  
omitting the arg uments ‘s ’  for  brevity, one gets  

N2(s)  
A* 0  (s)  =   
  D2(s)                         …………... . . .( 124)  
Where  



  Kumar & Singh 
 

 
Annals of Natural Sciences                             ~ 85 ~                                         Vol 4(1): March 2018 
 

N2(s)  = [M* 0  + q* 0 1M* 1  + q* 0 1q* 1 3M* 3  + q* 0 1 q* 1 3q* 3 4M* 4]  
  .[(1 – q* 2 6q* 6 2)(1 –  q* 3 7 q* 7 3)  -  q* 2 6q* 6 7(q* 7 8q* 8 2   
   +  q* 7 3q* 3 4q* ( 5 ) 4 2 )] + M* 2[(1 – q* 3 7 q* 7 3)(q* 0 2  +  q* 0 1 q* ( 9 ) 1 2   
   +  q* 0 1q* 1 3q* 3 4 q* ( 5 ) 4 2)  +  (q* 7 8q* 8 2   + q* 7 3 q* 3 4q* ( 5 ) 4 2)   
   .(q* 0 1q* ( 9 ) 1 7  + q* 0 1q* 1 3q* 3 7 )] + [M* 3q* 7 3  +  M* 4q* 7 3q* 3 4]  
     .[q* 2 6q* 6 7(q* 0 2  +  q* 0 1q* ( 9 ) 1 2  +  q* 0 1 q* 1 3q* 3 4q* ( 5 ) 4 2)   
    +  (1 – q* 2 6 q* 6 2)(q* 0 1q* ( 9 ) 1 7  +  q* 0 1q* 1 3q* 3 7)]        ………...(125)  

and  
D2(s)  = [1 -  q* 0 1 q* 1 0   -  q* 0 1q* 1 3q* 3 4q* 4 0][(1 – q* 2 6q* 6 2)(1 – q* 3 7q* 7 3)   

-  q* 2 6q* 6 7(q* 7 8q* 8 2  +  q* 7 3 q* 3 4q* ( 5 ) 4 2 )] -  q* 2 0[(1 – q* 3 7 q* 7 3)   
.(q* 0 2  + q* 0 1 q* ( 9 ) 1 2  + q* 0 1q* 1 3q* 3 4q* ( 5 ) 4 2)] -  q* 7 3q* 3 4q* 4 0   

.[q* 2 6 q* 6 7(q* 0 2  + q* 0 1q* ( 9 ) 1 2  + q* 0 1q* 1 3q* 3 4q* ( 5 ) 4 2)   
   +   (1 –  q* 2 6q* 6 2)(q* 0 1q* ( 9 ) 1 7  + q* 0 1q* 1 3q* 3 7 )]          ……..… .(126)  

By taking the limit  s0 in the relation (126), one gets the value of D 2(0) = 
0, therefore the steady st ate avai lability  of  the system w hen it  starts  
operations from S 0  is      
A 0() = li m A 0(t)  = lim s.  A 0*(s)  = N2( 0)/D’2(0) = N2/D2                   … …... .(127)  
             t                 s 0             
where in terms of  
M* 0(0) = 0    M* 1(0) = 1   M* 2(0) = 2    

M* 3(0) = 3    M* 4(0) = 4        …. .….(128-132)  
We have,  
N2  = [0  + p 0 11  + p 0 1p 1 33  + p 0 1p 1 3p 3 44][( 1 – p 2 6p 6 2)(1 –  p 3 7p 7 3)   

-  p 2 6p 6 7(p 7 8  + p 7 3p 3 4p ( 5 ) 4 2 )] + 2[(1 – p 3 7p 7 3 )(p 0 2  + p 0 1p ( 9 ) 1 2   
+ p 0 1p 1 3p 3 4p ( 5 ) 4 2)  +  (p 7 8p 8 2   + p 7 3p 3 4p ( 5 ) 4 2)(p 0 1p ( 9 ) 1 7   

+ p 0 1  p 1 3  p 3 7)] +  [3p 7 3  + 4p 7 3p 3 4][p 2 6p 6 7(p 0 2  + p 0 1p ( 9 ) 1 2   
+ p 0 1p 1 3p 3 4p ( 5 ) 4 2)  +   (1 –  p 2 6p 6 2)(p 0 1p ( 9 ) 1 7  + p 0 1p 1 3p 3 7)  

      ……..….(133)  
 and  
D2  = [0  + p 0 1m1  + p 0 1p 1 33  + p 0 1p 1 3p 3 44][( 1 – p 2 6p 6 2)(1 – p 3 7p 7 3)   

-  p 2 6p 6 7(p 7 8  + p 7 3p 3 4p ( 5 ) 4 2 )] + (2  + p 2 66)[(1 – p 3 7p 7 3)  
.(p 0 2  +  p 0 1p ( 9 ) 1 2  -  p 0 1p 1 3p 3 4p ( 5 ) 4 2)  +  p 0 1p 1 7p 7 8  + p 0 1p 1 3p 3 7p 7 8   
+ p 0 1p ( 9 ) 1 7p 7 3p 3 4p ( 5 ) 4 2] + 7[p 2 6p 6 7(p 0 2  + p 0 1 p ( 9 ) 1 2   
+ p 0 1p 1 3p 3 4p ( 5 ) 4 2)  +   (1 –  p 2 6p 6 2)(p 0 1p ( 9 ) 1 7  + p 0 1p 1 3p 3 7)   

                ……….(134)  
 

BUSY PERIOD ANANLYSIS  
Let us define W i(t)  as the probabi lity that  the system is under  
repair/replacement by repair faci lity in state S i    E  at  t ime t  without  
transit ing to any regen erative state . Therefore  
W1(t)  = )t(F  = W 6(t)   W2(t)  = e -1 t  )t(G   
W3(t)  = e - ( +2 ) t     W4(t)  = )t(H  = W 8(t)  

W7(t)  = e -  t  )t(G                             ……..….(135-139) 
(i)  Now, let  B i(t)  is  the probability that  the system is under  repair by  
repair faci lity at  t ime t ,  Thus the fol low ing recursive relations among  
B i(t) ’s  can be obtained as ;  
B0(t)  = q0 1(t)B1(t)  + q0 2(t)B2(t)  
 B1(t)  = W 1(t)  + q1 0(t)B0(t)  + q ( 9 ) 1 2(t)B2( t)  + q1 3(t)B3(t)   

  + q ( 9 ) 1 7(t)B7(t)   
B2(t)  = W2(t)  + q2 0(t)B0(t)  + q 2 6(t)B6(t)   
B3(t)  = W3(t)  + q3 4(t)B4(t)  + q 3 7(t)B7(t)   
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B4(t)  = q4 0(t)B0(t)  + q ( 5 ) 4 2(t)B2(t)   
B6(t)  = W6(t)  + q6 2(t)B2(t)  + q 2 7(t)B7(t)    
B7(t)  = W6(t)  + q7 3(t)B3(t)  + q 7 8(t)B8(t)   
B8(t)  = q8 2(t)B2(t)                 ………….(140-147)  
Taking Laplace Transform of  above equation (140 -147) , we g et ,  
B* 0(s)  = q* 0 1(s) .B* 1(s)  + q* 0 2(s) .B* 2(s)  
 B* 1(s)  = W* 1(s)  + q* 1 0(s) .B* 0(s)  + q* ( 9 ) 1 2(s) .B* 2(s)  + q* 1 3(s) .B* 3(s)   

  + q* ( 9 ) 1 7(s) .B* 7(s)   
B* 2(s)  = W* 2(s)  + q* 2 0(s) .B* 0(s)  + q* 2 6(s) .B* 6(s)   
B* 3(s)  = W* 3(s)  + q* 3 4(s) .B* 4(s)  + q* 3 7(s) .B* 7(s)   
B* 4(s)  = q* 4 0(s) .B* 0(s)  + q* ( 5 ) 4 2(s) .B* 2(s)   
B* 6(s)  = W* 6(s)  + q* 6 2(s) .B* 2(s)  + q* 2 7(s) .B* 7(s)    
B* 7(s)  = W* 7(s)  + q* 7 3(s) .B* 3(s)  + q* 7 8(s) .B* 8(s)   
B* 8(s)  = q* 8 2(s) .B* 2(s)                 ………….(148-155)  
and solving equations (148-155) for B* 0(s ) , by omitting the argument ‘s ’  
for brevity we get;  
B* 0(s)  = N3(s)/D3(s)                             …………... . . .(156)  
Where D3(s)  is  same as D2(s)  in (126) and  
N3(s)  = [W* 1  +  q* 0 1q* 1 3W* 3] [(1 – q* 2 6q* 6 2)(1 – q* 3 7q* 7 3)   

-  q* 2 6q* 6 7(q* 7 8q* 8 2  +  q* 7 3 q* 3 4q* ( 5 ) 4 2 )] + (W* 2  + q* 2 6W* 6)  
.[(q* 0 2  + q* 0 1q* ( 9 ) 1 2  + q* 0 1q* 1 3 q* 3 4q* ( 5 ) 4 2)(1 – q* 3 7q* 7 3)   
+ (q* 7 8q* 8 2   + q* 7 3q* 3 4q* ( 5 ) 4 2)(q* 0 1q* ( 9 ) 1 7  + q* 0 1q* 1 3q* 3 7 )]  
+ [W* 7  +  q* 7 3 W* 3][q* 2 6q* 6 7(q* 0 2  + q* 0 1q* ( 9 ) 1 2   
+ q* 0 1 q* 1 3q* 3 4q* ( 5 ) 4 2)  +  (1 – q* 2 6 q* 6 2)(q* 0 1q* ( 9 ) 1 7   
+ q* 0 1 q* 1 3q* 3 7)]                                ………..(157)  

In this steady state, the fraction of t ime for which t he repair facility i s  
busy in repair is  given by  
B0  =  lim B0(t)  = lim s B*(s)  = N3(0)/D’ 3(0) = N3/ D3                  …. . . . . .(158)  
        t               s    0  

where D3  is  same as D2  in  (134) and  
N3  = [m1  + p 0 1p 1 33 ][(1 –  p 2 6p 6 2  –  p 3 7p 7 3)   

-  p 2 6p 6 7(p 7 8p 8 2  + p 7 3p 3 4p ( 5 ) 4 2 )] + (2  + p 2 6m 1 )  
.[(p 0 2  + p 0 1p ( 9 ) 1 2  + p 0 1p 1 3p 3 4p ( 5 ) 4 2)(1 – p 3 7p 7 3)   
+ (p 7 8p 8 2   + p 7 3p 3 4p ( 5 ) 4 2)(p 0 1p ( 9 ) 1 7  + p 0 1p 1 3p 3 7)]  
+ [7  + p 7 33] [p 2 6p 6 7(p 0 2  + p 0 1p ( 9 ) 1 2  +  p 0 1p 1 3 p 3 4p ( 5 ) 4 2)   
+  (1 – p 2 6p 6 2)(p 0 1p ( 9 ) 1 7  + p 0 1p 1 3p 3 7)]                …..….(159)  

(ii)  Simi larly  let  R i(t)  is  the probabili ty that  the system is under  
replacement by  rep air facility at  t ime t ,  Thus the following recursive  
relations among R i(t) ’s  can be obtained as ;  
R 0(t)  = q0 1(t)R 1(t)  + q0 2(t)R 2(t) 
R 1(t)  = q1 0(t)R 0(t)  + q ( 9 ) 1 2(t)R 2(t)  + q1 3( t)R 3(t)  + q ( 9 ) 1 7(t)R 7(t)   
R 2(t)  = q2 0(t)R 0(t)  + q2 6(t)R 6(t)   
R 3(t)  = q3 4(t)R 4(t)  + q3 7(t)R 7(t)   
R 4(t)  = W4(t)  + q4 0(t)R 0(t)  + q ( 5 ) 4 2(t)R 2(t)   
R 6(t)  = q6 2(t)R 2(t)  + q2 7(t)R 7(t)    
R 7(t)  = q7 3(t)R 3(t)  + q7 8(t)R 8(t)   
R 8(t)  = W8(t)  + q8 2(t)R 2(t)                 ……..….(160-167)  
Taking Laplace Transform of  above e quation (160-167) , we g et ,  
R* 0(s)  = q* 0 1(s) .R* 1(s)  + q* 0 2(s) .R* 2(s) 
 R* 1(s)  = q* 1 0(s) .R* 0(s)  + q* ( 9 ) 1 2(s) .R* 2(s)  + q* 1 3(s) .R* 3(s)   

    + q* ( 9 ) 1 7(s) .R* 7(s)   
R* 2(s)  = q* 2 0(s) .R* 0(s)  + q* 2 6(s) .R* 6(s)   
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R* 3(s)  = q* 3 4(s) .R* 4(s)  + q* 3 7(s) .R* 7(s)   
R* 4(s)  = W* 4(s)  + q* 4 0(s) .R* 0(s)  + q* ( 5 ) 4 2(s) .R* 2(s)   
R* 6(s)  = q* 6 2(s) .R* 2(s)  + q* 2 7(s) .R* 7(s)    
R* 7(s)  = q* 7 3(s) .R* 3(s)  + q* 7 8(s) .R* 8(s)   
R* 8(s)  = W* 8(s)  + q* 8 2(s) .R* 2(s)               ………….(168-175)  
and solving equations (168-175) for R* 0(s) , by omitting the argument ‘s ’  
for brevity we get;  
R* 0(s)  = N4(s)/D4(s)                                 ……….. .(176)  
Where D4(s)  is  same as D2(s)  in (126) and  
N4(s)  = q* 0 1q* 1 3q* 3 4W* 4[( 1 – q* 3 7q* 7 3)(1 – q* 2 6q* 6 2)   

-   q* 2 6 q* 6 7q* 7 8  -   q* 2 6 q* 6 7q* 7 3q* 3 4q* ( 5 ) 4 2)]  
+ [q* 7 8W* 8  + q* 7 3q* 3 4 W* 4][q* 2 6q* 6 7(q* 0 2  +  q* 0 1q* ( 9 ) 1 2   
+ q* 0 1 q* 1 3q* 3 4q* ( 5 ) 4 2)  +  (1 – q* 2 6 q* 6 2)(q* 0 1q* ( 9 ) 1 7   
+ q* 0 1 q* 1 3q* 3 7)]                                ………..(177)  

In this steady state, the fraction of t ime for which t he repair facility i s  
busy in repair is  given by  
R 0  = lim R 0(t)  = lim s R*(s)  = N 4(0)/D’4(0) = N4/ D4                 ….. . . . . .(178)  
        t               s    0  

where D4  is  same as D2  in  (134) and  
N4  = p 0 1p 1 3p 3 4m 2[(1 –  p 3 7p 7 3)  (1 – p 2 6p 6 2)  – p 2 6p 6 7p 7 8   

- p 2 6p 6 7p 7 3p 3 4p ( 5 ) 4 2)  +  m2[p 7 8  + p 7 3p 3 4 ][p 2 6p 6 7(p 0 2  +  p 0 1p ( 9 ) 1 2   
+ p 0 1p 1 3p 3 4p ( 5 ) 4 2)  +   (1 –  p 2 6p 6 2)(p 0 1p ( 9 ) 1 7  + p 0 1p 1 3p 3 7)]  

          ……….(179)  
 

EXPECTED NUMBER OF VISITS BY THE REPAIR FACILITY 
Let we define, V i(t)  as the expect ed number of visits  by the repair facility  
in (0,t] given that  the system init ial ly start ed from reg enerative state S i  at  
t=0.  Then fol lowing recurrence relations among V i(t) ‘s  can be obtained as;  
V 0(t)  = Q0 1(t)$[1 + V 1(t)] + Q 0 2(t)$[1 + V 2(t)] 
V 1(t)  = Q1 0(t)$V 0(t)  + Q ( 9 ) 1 2(t)$V 2(t)  + Q1 3(t )$V 3(t)  + Q ( 9 ) 1 7(t)$V 7(t)   
V 2(t)  = Q2 0(t)$V 0(t)  + Q2 6(t)$V 6(t)   
V 3(t)  = Q3 4(t)$V 4(t)  + Q3 7(t)$V 7(t)   
V 4(t)  = Q4 0(t)$V 0(t)  + Q ( 5 ) 4 2(t)$V 2(t)   
V 6(t)  = Q6 2(t)$V 2(t)  + Q2 7(t)$V 7(t)    
V 7(t)  = Q7 3(t)$V 3(t)  + Q7 8(t)$V 8(t)   
V 8(t)  = Q8 2(t)$V 2(t)                  ……..….(180-187)  
Taking Laplace stielt jes transform of the above equations (180-187) we  
get  

V
~

0(s)  = Q
~

0 1(s) .[1 + V
~

1(s)] + Q
~

0 2(s) .[1 + V
~

2(s)] 

V
~

1(s)  = Q1 0(s) . V
~

0(s)  + Q ( 9 ) 1 2(s) . V
~

2(s)  + Q1 3(s) . V
~

3(s)  + Q ( 9 ) 1 7(s) . V
~

7(s)  

V
~

2(s)  = Q2 0(s) . V
~

0(s)  + Q2 6(s) . V
~

6(s)   

V
~

3(s)  = Q3 4(s) . V
~

4(s)  + Q3 7(s) . V
~

7(s)   

V
~

4(s)  = Q4 0(s) . V
~

0(s)  + Q ( 5 ) 4 2(s) . V
~

2(s)   
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V
~

6(s)  = Q6 2(s) . V
~

2(s)  + Q6 7(s) . V
~

7(s)   

V
~

7(s)  = Q7 3(s) . V
~

3(s)  + Q7 8(s) . V
~

8(s)   

V
~

8(s)  = Q8 2(s) . V
~

2(s)                 ………….(188-195)  

and solving the equations (188 -195) for V
~

0(s)  by omitting the argument  

‘s ’  for  brevity is   

 V
~

0(s)  = N5(s)/D5(s)               …….. . . . .(196)  

Where  

N5(s)  = ( Q
~

0 1  + Q
~

0 2){(1 - Q
~

2 6 Q
~

6 2)(1 - Q
~

3 7 Q
~

7 3)   

  -  Q
~

2 6 Q
~

6 7( Q
~

7 8 Q
~

8 2  + Q
~

7 3 Q
~

3 4 Q
~

( 5 ) 4 2)}            ……..… .(197)  

and  

D5(s)  = [1 -  Q
~

0 1 Q
~

1 0   -  Q
~

0 1 Q
~

1 3 Q
~

3 4 Q
~

4 0][( 1 – Q
~

2 6 Q
~

6 2)(1 – Q
~

3 7 Q
~

7 3 )   

-  Q
~

2 6 Q
~

6 7( Q
~

7 8 Q
~

8 2  + Q
~

7 3 Q
~

3 4 Q
~

 ( 5 ) 4 2 )] -  Q
~

2 0[(1 –  Q
~

3 7 Q
~

7 3)   

.( Q
~

0 2  + Q
~

0 1 Q
~

 ( 9 ) 1 2  +  Q
~

0 1 Q
~

1 3 Q
~

3 4 Q
~

 ( 5 ) 4 2)] -  Q
~

7 3 Q
~

3 4 Q
~

4 0   

.[  Q
~

2 6 Q
~

6 7( Q
~

0 2  +  Q
~

0 1 Q
~

 ( 9 ) 1 2  + Q
~

0 1 Q
~

1 3 Q
~

3 4 Q
~

 ( 5 ) 4 2)   

   +   (1 –  Q
~

2 6 Q
~

6 2)( Q
~

0 1 Q
~

 ( 9 ) 1 7  + Q
~

0 1 Q
~

1 3 Q
~

3 7)]          ……….. .(198)  

In steady state the number of  visit  per unit  of  t ime when the system starts 
after entrance into state S 0  is  ;  

V 0  = lim [V 0(t)/t] = lim s V
~

0(s)  = N 5/D5               ……….. .(199)  
        t                  s    0  

where D5  is  same as D2   in  (134)  and  
N5  =  (1 - p 2 6p 6 2)(1 - p 3 7p 7 3)  -  p 2 6p 6 7p 7 2  - p 2 6 p 6 7p 7 3p 3 4p ( 5 ) 4 2          ………..( 200)  
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